


▪ 𝑉 ⊂ ℝ𝑛

𝑙𝑡: 𝑉 → ℝ 𝑡

▪

▪ 𝑡 𝑥𝑡 ∈ 𝑉
𝑙𝑡

▪ 𝑙𝑡(𝑥𝑡) 𝑡



▪ 𝑉 ⊂ ℝ𝑛 {𝑙1, 𝑙2, … , } 𝑙𝑡: 𝐹 → ℝ

▪ 𝑥1, … 𝑥𝑡+1 ∈ 𝑉 𝑙𝑡 𝑡

▪ 𝑅𝐴(𝑇) 𝐴 𝑡 = 1,… , 𝑇

𝑅𝐴 𝑇 =

𝑡=1

𝑇

𝑙𝑡(𝑥𝑡) −

𝑡=1

𝑇

𝑙𝑡(𝑥
∗)

𝑥∗ = argmin𝑥∈𝐹 σ𝑡=1
𝑇 𝑙𝑡(𝑥)

▪ 𝑅𝐴 𝑇 = 𝒪(𝑇)

•
𝑅𝐴 𝑇

𝑇
𝑇 → ∞



▪

▪

𝜂𝑡~
1

𝑡

𝑅POGD 𝑇 = 𝒪 𝑇

Zinkevich, M. (2003). Online convex programming and generalized infinitesimal gradient ascent. 
In Proceedings of the 20th international conference on machine learning (ICML03) (pp. 928-936).



▪

𝑥𝑡 = argmin𝑥∈𝑉
1

𝑡 − 1


𝑖=1

𝑡−1

𝑙𝑖(𝑥)

= argmin𝑥∈𝑉
𝑖=1

𝑡−1

𝑙𝑖(𝑥)

𝑉 = −1,1 𝑥1 = 0

𝑥2 = −1

𝑥3 = 1

𝑥4 = −1

𝑙1 𝑥 = 0.5𝑥

𝑙2 𝑥 = −𝑥

𝑙3 𝑥 = 𝑥

𝑙4 𝑥 = −𝑥

𝑙1 𝑥 + 𝑙2 𝑥 = −0.5𝑥

𝑙1 𝑥 + 𝑙2 𝑥 + 𝑙3(𝑥) = 0.5𝑥

𝑙1 𝑥 + 𝑙2 𝑥 + 𝑙3 𝑥 + 𝑙4 𝑥 = −0.5𝑥

𝑥, −𝑥, 𝑥, −𝑥, …𝑥5 = 1

𝑅FTL 𝑇 = σ𝑡=1
𝑇 𝑙𝑡(𝑥𝑡) − σ𝑡=1

𝑇 𝑙𝑡 𝑥
∗ = 𝑇 − 1 − −0.5 = 𝑇 − 0.5 ≈ 𝑇

Kalai, A., & Vempala, S. (2005). Efficient algorithms for online decision problems. Journal of Computer and System Sciences, 71(3), 291-307.



▪

𝑥𝑡 = argmin𝑥∈𝑉
𝑖=1

𝑡−1

𝑙𝑖(𝑥)

𝑅FTL 𝑇

𝑅FTL 𝑇 ≤
𝑡=1

𝑇

𝑙𝑡 𝑥𝑡 − 𝑙𝑡 𝑥𝑡+1

𝑇

Kalai, A., & Vempala, S. (2005). Efficient algorithms for online decision problems. Journal of Computer and System Sciences, 71(3), 291-307.



▪

𝑥𝑡 = argmin𝑥∈𝑉
𝑖=1

𝑡−1

𝑙𝑖(𝑥) + 𝜓𝑡(𝑥)

• 𝜓𝑡(𝑥) 𝑡

•

Abernethy, J. D., Hazan, E., & Rakhlin, A. (2009). Competing in the dark: An efficient algorithm for bandit linear optimization.

McMahan, H. Brendan, et al. Ad click prediction: a view from the trenches. In Proceedings of the 19th ACM 
SIGKDD international conference on Knowledge discovery and data mining. 2013.



▪

𝑥𝑡 = argmin𝑥∈𝑉
𝑖=1

𝑡−1

𝑙𝑖(𝑥) + 𝜓𝑡(𝑥)

𝑙𝑡 𝑥 𝜓𝑡 𝑥 =
1

2𝜂
𝑥 2

2

𝑥𝑡 = argmin𝑥∈ℝ𝑛
𝑖=1

𝑡−1

𝑙𝑖 𝑥 +
1

2𝜂
𝑥 2

2

𝑥𝑡 = −𝜂σ𝑖=1
𝑡−1∇𝑙𝑖 𝑥𝑡 ∵

𝑙 𝑥 = 𝑙𝑡(𝑥) 𝑡 𝑥𝑡 = 𝑥𝑡−1 − 𝜂∇𝑙(𝑥𝑡−1)

Abernethy, J. D., Hazan, E., & Rakhlin, A. (2009). Competing in the dark: An efficient algorithm for bandit linear optimization.



▪

𝑥𝑡 = argmin𝑥∈𝑉
𝑖=1

𝑡−1

𝑙𝑖(𝑥) + 𝜓𝑡(𝑥)

𝑥 2 ≤ 𝐵 𝑥 ∈ 𝑉 ⊂ ℝ𝑛 𝑧𝑡 2 ≤ 𝐶 𝑡 = 1,… , 𝑇

𝑙𝑡 𝑥 = 𝑧𝑡
𝑇𝑥 𝜓𝑡 𝑥 =

1

2𝜂
𝑥 2

2 𝜂 =
𝐵

𝐶√2𝑇

𝑅FTRL 𝑇

𝑥𝑡 = argmin𝑥∈𝑉
𝑖=1

𝑡−1

𝑧𝑖
𝑇𝑥 +

1

2𝜂
𝑥 2

2

𝑅FTRL 𝑇 ≤
𝐵2

2𝜂
+ 𝜂𝑇𝐶2 =

𝐵

𝐶

2

𝑇
~𝒪 𝑇

Abernethy, J. D., Hazan, E., & Rakhlin, A. (2009). Competing in the dark: An efficient algorithm for bandit linear optimization.



▪

𝑇

Thomas M Cover. Universal portfolios. Mathematical Finance, 1(1):1–29, 1991



▪

• 𝑡 = 1,… , 𝑇 𝑤𝑡 𝑊
𝑓𝑡:𝑊 → ℝ

• 𝑅𝐴 𝑇 = σ𝑡=1
𝑇 𝑓𝑡(𝑤𝑡) − σ𝑡=1

𝑇 𝑓𝑡 𝑤
𝑓𝑡

• 𝑊 = {𝑤 ∈ ℝ+
𝑑 ∶ σ𝑖=1

𝑑 𝑤𝑖 = 1} 𝑑

• 𝑓𝑡 𝑤 𝑓𝑡 𝑤 = −ln(𝑤𝑇𝑥𝑡) 𝑥𝑡 ∈ ℝ+
𝑑

▪

• 𝑥𝑡 = (𝑥𝑡,1, … , 𝑥𝑡,𝑖 , … , 𝑥𝑡,𝑑) 𝑥𝑡,𝑖 𝑖 ∈
1, … , 𝑑 𝑡

• 𝑤𝑡 = (𝑤𝑡,1, … , 𝑤𝑡,𝑖 , … , 𝑤𝑡,𝑑) 𝑤𝑡,𝑖

𝑖 𝑡

• 𝑇 exp(−σ𝑡=1
𝑇 𝑓𝑡(𝑤𝑡))

Van Erven, T., Hoeven, D., Kotłowski, W., & Koolen, W. (2020). 

Open Problem: Fast and Optimal Online Portfolio Selection. 

In Proceedings of Thirty Third Conference on Learning Theory



▪

Van Erven, T., Hoeven, D., Kotłowski, W., & Koolen, W. (2020). 

Open Problem: Fast and Optimal Online Portfolio Selection. 

In Proceedings of Thirty Third Conference on Learning Theory

Computationally infeasible

𝒪 𝑑log𝑇



▪

𝜆 > 0

▪ 𝑅FTRL 𝑇 = 𝒪(𝐺2𝑑ln(𝑑𝑇)) ∇𝑓𝑡 𝑤𝑡 2 ≤ 𝐺

▪ 𝐺

▪ 𝑅FTRL 𝑇 = 𝒪 𝑑𝑇logT 𝜆 ≈
𝑇

𝑑log𝑇

Agarwal, A., & Hazan, E. (2005). Efficient algorithms for online game playing and universal portfolio management. ECCC, TR06-033.

Van Erven, T., Hoeven, D., Kotłowski, W., & Koolen, W. (2020). 

Open Problem: Fast and Optimal Online Portfolio Selection. 

In Proceedings of Thirty Third Conference on Learning Theory



▪

▪

▪

McMahan, H. Brendan, et al. Ad click prediction: a view from the trenches. In Proceedings of the 19th ACM 
SIGKDD international conference on Knowledge discovery and data mining. 2013.



▪

▪

▪

▪

▪

yann.lecun.com/exdb/mnist



▪

▪

▪

▪



▪

▪

▪



▪

▪

▪

▪



•

• 𝑙𝑡

•

•

•

➢



▪

▪

▪

▪

▪

▪


