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Proximal gradient method

Minimizing composite function:

min
x

f (x) = g(x) + h(x)

Proximal gradient:
xt+1 = prox⌘h(xt � ⌘rg(xt))

How fast is it?
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Gradient mapping

Define gradient mapping:

G⌘(x) =
1

⌘
(x � prox⌘h(x � ⌘rg(x))) .

Then we can rewrite the proximal gradient method into something that looks more like
a gradient descent update step:

xt+1 = xt � ⌘G⌘(xt) .

I G⌘ is called the gradient map of proximal gradient method, and we treat this as if
it’s a gradient, but G⌘ is not a (sub)gradient of f in general.

I We do this to make analyzing convergence behavior easier.
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Gradient mapping and optimality condition

Optimal solutions are the only fixed points of the prox grad update

xt+1 = xt � ⌘G⌘(xt)

i.e., G⌘(x) = 0 when x is a minimizer of f .
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Key lemma

Lemma

f (x � ⌘G⌘(x))  f (z) + hG⌘(x), x � zi �
⌘

2
kG⌘(x)k

2
2 �

↵

2
kx � zk22

Setting z = xt , x = xt gives

f (xt+1) = f (xt � ⌘G⌘(xt))  f (xt)�
⌘

2
kG⌘(xt)k

2
2

which looks the progress bound for smooth functions.
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Key lemma – proof (1/3)
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Key lemma – proof (2/3)
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Key lemma – proof (3/3)

8 / 14

fix Est
ganon 11 Ift Ight 419yd
hex yoga I hg Gyo ogex Z G YG

To 840 550

I felt Gyo x z Illanchlli fix all to



Convergence for smooth functions
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Convergence for smooth and strongly convex functions
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Example: ISTA

L1-regularized least squares or Lasso:

min
x

1

2
kAx � yk22 + �kxk1

I Recall that this can achieve sparse solutions.

I Apply subgradient method? It will converge with O(1/
p
t).

I f is a composite function of g smooth and h non-smooth functions, so consider
using proximal gradient method.
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Example: ISTA

(cont’d) Apply proximal gradient:

xt+1 = prox⌘h(yt+1)

= argmin
x

1

2⌘
kx � yt+1k

2
2 + �kxk1

where yt+1 = xt � ⌘rg(xt) = xt � ⌘(A>(Axt � y)) .

The solution to the prox will be

x+ : xi =

8
><

>:

xi + ⌘� for yi < �⌘�

0 for |yi |  ⌘�

xi � ⌘� for yi > ⌘� .

“A fast iterative shrinkage-thresholding algorithm for linear inverse problems” (Beck
and Teboulle 2009)
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Thank you

Any questions?
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Credits

A lot of material in this course is borrowed or derived from the following:

I Numerical Optimization, Jorge Nocedal and Stephen J. Wright.

I Convex Optimization, Stephen Boyd and Lieven Vandenberghe.

I Convex Optimization, Ryan Tibshirani.

I Optimization for Machine Learning, Martin Jaggi and Nicolas Flammarion.

I Optimization Algorithms, Constantine Caramanis.

I Advanced Machine Learning, Mark Schmidt.
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